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Q i Abstract 

For even dimensional manifolds, we prove some twisted anomaly cancella- 
tion formulas which generalize some well-known cancellation formulas. For odd 
I dimensional manifolds, we obtain some modularly invariant characteristic forms 

I by the Chern-Simons transgression and we also get some twisted anomaly can- 

• I cellation formulas. 
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1 Introduction 

d 

CN ■ In 1983, the physicists Alvarez-Gaume and Witten [AW] discovered the "miraculous 

cancellation" formula for gravitational anomaly which reveals a beautiful relation be- 
I tween the top components of the Hirzebruch L-form and A-form of a 12-dimensional 

QQ ' smooth Riemannian manifold. Kefeng Liu [Li] established higher dimensional "mirac- 

■ ulous cancellation" formulas for (8A;-|-4)-dimensional Riemannian manifolds by devel- 

^ , oping modular invariance properties of characteristic forms. These formulas could be 

IT^ I used to deduce some divisibility results. In [HZl], [HZ2], for each (8A;-|-4)-dimensional 

^ ■ smooth Riemannian manifold, a more general cancellation formula that involves a 

complex line bundle was established. This formula was applied to spin^ manifolds, 
then an analytic Ochanine congruence formula was derived. For (8fc-|-2) and (8A;-|-6)- 
dimensional smooth Riemannian manifolds, F. Han and X. Huang [HH] obtained some 
cancellation formulas. They also got a general type of cancellation formulas. 

On the other hand, motivated by the Chern-Simons theory, in [CH], Qingtao Chen 
and Fei Han computed the transgressed forms of some modularly invariant charac- 
teristic forms, which are related to the elliptic genera. They studied the modularity 
properties of these secondary characteristic forms and relations among them. They 
also got an anomaly cancellation formula for 11-dimensional manifolds. In [W], the 
author computed the transgressed forms of some modularly invariant characteristic 
forms, which are related to the "twisted" elliptic genera and studied the modularity 
properties of these secondary characteristic forms and relations among them. We also 
got some twisted anomaly cancellation formulas on some odd dimensional manifolds. 
The purpose of paper is to prove more general cancellation formulas for even and 



1 



odd dimensional manifolds. We hope that these new general cancellation formulas 
obtained here could be applied somewhere. 

This paper is organized as follows: In Section 2, we review some knowledge on 
characteristic forms and modular forms that we are going to use. In Section 3, we 
prove some general cancellation formulas which involve two complex line bundles and 
generalize some well-known cancellation formulas for even dimensional manifolds. In 
Section 4, wc apply the Chcrn-Simons transgression to characteristic forms with mod- 
ularity properties which are related to the "twisted" elliptic genera and obtain some 
interesting secondary characteristic forms with modularity properties. We also get 
two twisted cancellation formulas for 9- and 11-dimensional manifolds. 



2 characteristic forms and modular forms 



The purpose of this section is to review the necessary knowledge on characteristic 
forms and modular forms that we are going to use. 

2.1 characteristic forms. Let M be a Riemannian manifold. Let V"^^ be the 
associated Levi-Civita connection on TM and = {V'^^Y be the curvature of 

V™. Let l(rM,V'^^) and L{TM,V^^) be the Hirzebruch characteristic forms 
defined respectively by (cf. [Z]) 



A{TM, V 



TM\ 



det2 



■Lit 



L{TM, V™) = det^ 



sinh(^i?™)^ 

r,^ it 
ZTT 

tanh(^i?™), 



(2.1) 



Let E, F be two Hermitian vector bundles over M carrying Hcrmitian connection 
yii^yi- respectively. Let = (V^)^ (resp. = (V^)^) be the curvature of 
(resp. V^). If we set the formal difference G = E — F, then G carries an 
induced Hcrmitian connection V*^ in an obvious sense. We define the associated 
Chern character form as 



ch(G,V^) =tr 



exp(- 



-1 



27r 



-R' 



tr 



exp( 



27r 



R' 



(2.2) 



For any complex number t, let 

At{E) = C\m +tE + f (E) + 



, St{E) = C\M + tE + t'S\E) + 



denote respectively the total exterior and symmetric powers of E, which live in 
iC(M)[[t]]. The following relations between these operations hold, 



(2.3) 
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Moreover, if {ui},{ujj} are formal Chern roots for Hermitian vector bundles E,F 
respectively, then 

ch{At{E)) = Y[{l + e^H). (2.4) 

i 

Then we have the following formulas for Chern character forms. 

If is a real Euclidean vector bundle over M carrying a Euclidean connection 
V^, then its complexification Wq = (8) C is a complex vector bundle over M car- 
rying a canonical induced Hermitian metric from that of W, as well as a Hermitian 
connection \7^c induced from V^. If is a vector bundle (complex or real) over 
M, set ^ = £; - diuiE in K{M) or KO{M). 

2.2 Some properties about the Jacobi theta functions and modular forms 

We first recall the four Jacobi theta functions are defined as follows( cf. [Ch]): 

oo 

e{v,T) = 2gisin(7r?;) [][(1 - q^){l - e^'^^^g^Kl - e'^^'^^q^)], (2.6) 

oo 

ei{v,T) = 2gicos(7ri;) [][(! - + e'^^\^)il + e-^-^^g^)], (2.7) 

i=i 

oo 

e2{v,T) = Y[[{1- q^il - e^^'^y^-^Xl - e-^^^'^g^-i)], (2.8) 
i=i 

oo 

Hv,r) = n[(l - 9')(1 + e''^^^g^-^)(l + e-2^^^g^-5)], (2.9) 

i=i 

where q = e^'^^/"^'^ with r € H, the upper half complex plane. Let 

^'(0,r) = ^|..o. (2.10) 
Then the following Jacobi identity (cf. [Ch]) holds, 

e'{0,r) = 7r0i(O,r)^2(O,r)03(O,r). (2.11) 

Denote SL2{Zi) ~ | ^ " ^ ^ | a, 6, c, d G Z, ad — 6c = l| the modular group. Let 

5=^1^ ^ ^ , T = ^ ^ 1^^^ generators of SL2{Z). They act on 

H by St = Tt = t + 1. One has the following transformation laws of theta 
functions under the actions of S and T (cf. [Ch]): 

e{v,T + 1) = e'^e{v,T), e{v,~) = (-^) " e-^-^'e{TV,T); (2.12) 
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ei{v,T + i) = e^ei{v,T), ei{v,~) = [-^\''^^^''^e2{Tv,T)- (2.13) 

e2{v,T + 1) = e^{v,T), e2iv, ~) = ' e-^-'ei(ri;,r); (2.14) 

9s{v,T + l) = e2{v,T), Osiv,-^) = (^-^y e^^'^''"es{TV,T). (2.15) 
Differentiating the above transformation formulas, we get that 

e'{v,T + i) = e^e'{v,T), 



e[{v,T + l) = e^9[iv,T), 

1 

= (^) ' e^^'-'^\27rV^TVe2{TV,T)+Te'2{TV,T)y, 

e'^{v,T + i) = e'^{v,T), 
e's{v,T + i) = e'^{v,T), 

O'siv,—) = (^) ' e-^--\27rV^Tve3{TV,r)+Te'^{TV,T)) (2.16) 



Therefore 



r V-1 VV-1 



1 



^'(0, --) = ^ f-^) ' TO'iO, r). (2.17) 



Definition 2.1 A modular form over F, a subgroup of S'L2(Z), is a holomorphic 

function /(r) on H such that 

^^^^^ ^ (^) = ^^^^^'^ + = ( r d ) ^ ^^-^^^ 

where % : F — C* is a character of F. A; is called the weight of /. 
Let 

^°^2^ = {(r ^) eSL2(Z)|c^0(mod2)|, 
^°^2^ = {(r ^) e5L2(Z)|6^0(mod2)|, 
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be the three modular subgroups of SL'2{'L). It is known that the generators of ro(2) 
are T, ST^ST, the generators of r0(2) are STS, T^STS and the generators of 
are S, (cf.[Ch]). 

If r is a modular subgroup, let A^R,(r) denote the ring of modular forms over 
r with real Fourier coefficients. Writing 9j = 9j{0,T), 1 < j < 3, we introduce six 
explicit modular forms (of. [Li]), 

Si{r) = l{0l + el), e,{r) = ^elei 

They have the following Fourier expansions in : 

<5i(r) = ^ + 6g + ---, £i{T) = ^-q + ---, 

S2{r) = ~-Sq^ + ■■■, £2(r) =g^ +•••, 

^3(t) =-^+3g5 +..., £3(T-) = -gl+..., 

where the " • • • " terms are the higher degree terms, all of which have integral coeffi- 
cients. They also satisfy the transformation laws, 

^2(--) = r^S,{T), £2(--) = r^ei(r), (2.19) 
r r 

52{t + 1) = Ss{t), S2{r + 1) = £3(r). (2.20) 

Lemma 2.2 ([Li]) Si{t) (resp. £i{t)) is a modular form of weight 2 (resp. 4) over 
ro(2), S2{t) (resp. £2{t)) is a modular form of weight 2 (resp. A) over T^{2), while 
Ss^t) (resp. £3{t)) is a m,odular form of weight 2 (resp. 4) over rQ{2) and moreover 

MR{r^{2))=K[62{T),62{r)]. 



3 A general type of cancellation formulas for even di- 
mensional manifolds 

Let M he a 2d dimensional Riemannian manifold and ^ be rank two real 
oriented Euclidean vector bundles over M carrying with Euclidean connections , 
V«. Set 

oo oo 

n=l m=l 



5 



oo 



r=l s=l 



oo 



e2(TcM, moC^, ^c) = (g) Sgn {TcM - mofc) ^ ^^gm-^C^cM - mo^^ - 2^^) 

n=l m=l 



oo oo 



(g)A , i(Cc)C5(g)Ag»(Cc), (3.1) 



r=l ^ s=l 



Clearly, 6i (Tc-M, mo^^, ^c) and 62 (Tc-M, mo^(7, ^c) admit formal Fourier expansion 
1 

m g2 as 

@i{TcM, mo^c, Cc) = Ao{TcM, mofc, (c) + Ai{TcM, mofc, Cc)q'^ + ■■■, 

&2{TcM,moC''c,Cc) = Bo{TcM,mofc,^c) + B^{TcM,m^ec,ic)q^ + " • • , (3-2) 

where the Aj and Bj are elements in the semi-group formally generated by Hermi- 
tian vector bundles over M. Moreover, they carry canonically induced Hermitian 

connections. Let cq = e(^, ) and c = e(^, V^) be the Eulcr forms of ^ canon- 
ically associated to respectively. If u; is a differential form over M, we de- 
note uj^'^'^^ its top degree component. Let ra be a nonnegative integer and satisfy 
d — {2n + ^~^2^^ ^ > 0, then we have 

Theorem 3.1 The following identity holds, 

i-(-i) 



L{TM,V^^^) (sinhf )^"+ 

(cOShf)2«+^^ 



d >, (2d) 



= 2!'^—"-^ ^ 2-6- {l(rM, V™)cosh^(sinh^)2"+^^ 

•ch(6,(rcM,(2n + \-L)^%^^c))\ , (3.3) 

wheremi = ^-n-^^^^ and each W {TcM, {2n + ^^^^)Cc,^c), < r < [^], is 
a canonical integral linear combination of Bj{TcM, {2n+ ^ ^^^^ )^C'^c), < j < r. 

Proof. Let {±2■K^/^Xj\ I < j < d} he the Chern roots of TcM and cq = 2^^^/^u'. 
c = 27r\/^'u. Set 



i (coshf )2"+^V^ 2 

(3.4) 
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Q2{t) = A{TM, V' '^Ocosh-(sinh ^ 



i-(-i) 



2 — ch(e2 (TcM, (2n- 



(3.5) 

Let Gi(TcM,^c) = ei(rcM, moC^, ^c), e2(rcM,ec) = e2{Tc M , nioC^ ^c) ■ Then 

T(TM V'^^) 

QiW = ^ — b--^ch(ei(rcM,,Cc)) 



cosh 



cosh^ / °^ ~ ~ 
2.ch (g)V(?&)® (^A^'-ie^) 



sinhf 



-2n- 



By Proposition 2.5 in [HZ2], we have 
L(TM,V™) 



cosh 



2c 



ch(ei (TcM,, Cc)) 



(3.6) 



n IX 



^(0,r) gi(x,,r) \ g^(0,r) g3(^,r) e2{u,T) 
'e{xj,T) 01(0, r) ] eK^^^)^3(o,T) 02(0, r) 



Direct computations show that 
cosh 22. 

cii I 

\n=l 



sinh^ 



ch (g)v(?&)® (8)A,^(e; 



m=l 



1 g^(0,r)gl(^^r) 
7rV^0(u',r) 0i(O,r) 



(3.7) 



(3.8) 



By (3.6)-(3.8), we have 



e'iO,T) 9lix,,T) 

e{xj,T) 0i(O,r) 



Similarly, 



Hu',t) 0i(O,r) 
9'(0,r) 0i(^x',r) 



2n+ 



i-(-i)" 



gf(0,r) 03(n,T) 02(^,r) 
02(n,r) 03(0, r) 02(O,r) 



> . 



Q2(r) = ^(rM,V^^"0cosh-ch(e2(rcM,^c)) 



(sinh|)ch((g)5,n(-e^)® (g) 

\n=l m=l 



2n+l^ 



Co 



sinh^ch (g) V(-e&)® (g) 

\n=l m=l 



A(rM, V' ^^0cosh-ch(e2 (TcM, ec)) 

^ 0^(0, r) 02(a;,-,r) \ 0i(O,r) 03(u,t) 0i(«,r) 
ii^^^0(x,-,r) 02(0, r) y 0|(^.,r)03(O,r) 0i(O,r)' 

u',r)02(O,r) 



A 



(3.9) 



(3.10) 



0'(O,r)02(«',r) 



(3.11) 
, (3.12) 
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so we have 



Q2(t) = (x/^Tt) 



2n+ 



i-(-i)" 



n 



e{u',T) 02(0, r) 
0'(O,r) 02(n',r) 



2?i+ 



(0,r) 03 (^^,r) 0i(n,T) 



02(n,r) 03(0, r) 0i(O,r)- 



(3.13) 



Let Pi(t) = Qi(r)(2'^), P2(t) = <92(r)(2'^). gy (2.12)-(2.15) and (2.17), then Pi(r) is 
a modular form of weiff ht d - (2n + ^—^2^) over ro(2), while P2 (r) is a modular 



form of weight d — {2n- 



i-(-ir 



over r^(2) . Moreover, the following identity holds, 



P,(_i) = 2V-(2-+^^)P2(r). 



(3.14) 



Observe that at any point x G M, up to the volume form determined by the 
metric on T^M, both Pi{T), i = 1,2, can be view as a power series of q2 with real 
Fourier coefficients. By Lemma 2.2, we have 

P2(t) = ho{852r' + hi{862r'-h2 + ■■■ + h^n^^i852r'-^^'^^e[^\ (3.15) 

where each hj, < j < [^], is a real multiple of the volume form at x. By (2.19) 
(3.14) and (3.15), we get 



Piir) 



mi-2[^]J 2 I 



(3.16) 



By comparing the constant term in (3.16), we get 



2ri- 



(coshf)2"+^ 



(2d) 



22 



d—n- 



i-(-i) 



"11 1 
d L 2 



^ ^ 2-6'7i^. (3.17) 



r=0 



By comparing the coefficients of 52 ^ j > between the two sides of (3.15), we can use 
the induction method to prove that each /i^ < r < [^], can be expressed through 
a canonical integral linear combination of 



A{TM, ^ )cosh- (sinh ^ 



Co.2n+i^ 



2 — ch(B^ (TcM, (2n + 



1 - (-1)^ 



(2d) 



)ec,^c)) 



Here we write out the explicit expressions for and hi as follows. 

/to = (-1)"*! |l(rM,V™)cosh|(sinh|)2"+^^ 



(3.18) 



hi = (-1)"^! \ y4(TM, V™)cosh|(sinh^)2"+^^ 



8 



• (di{Bi{TcM, {2n + L_Lil!)^o ^^^)) _ 24mij | . (3.19) 

□ 

Putting d = 4:k + 2 and n = in Theorem 3.1, we get the Han-Zhang cancehation 
formula (cf. [HZ2]), 

Corollary 3.2 The following cancellation formula holds 
{ c^h^f I =^Y.f'-'' {^(TM, V™)cosh|ch(6,(TcM,Cc))} 

(3.20) 

If ^ is a trivial bundle, we get the Han- Huang cancellation formula (cf. [HH]), 
Corollary 3.3 The following cancellation formula holds 

fsinhf )2"+^^^ 



(cOShf )2"+^V^ 



2|d-n-i^ ^ 2-6'-|l(rM,V™)(sinh|)2"+- 



r=0 



(2d) 



•ch(6,(rcM,(2n + Mr^Xc,C'))^ , (3.21) 



Putting d = 6 and n = 1, i.e. for 12-dimensional manifold M, we have 
Corollary 3.4 The following cancellation formula holds 

• (ll2 - 4ch(rcM, V^cM^ ^ g(-gCo ^ g-co _ 2) + i2(e^ + g"^ - 2)) }^^^^ . (3.22) 

Putting d = 6 and n = 2, i.e. for 12-dimensional manifold M, we have 
Corollary 3.5 The following cancellation formula holds 



Putting d = 5 and n = 0, i.e. for 10-dimensional manifold M, we have 
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Corollary 3.6 The following cancellation formula holds 

• (52 - 2ch(rcM, V^'=^) + 2(e"° + e'^o - 2) + 6(e" + e"" - 2)) }^^°^ . (3.24) 

Putting d = 5 and n = 1, i.e. for 10-dimensional manifold M, we have 
Corollary 3.6 The following cancellation formula holds 

I coBh^i Uh|)3 | =-64{-4(rM.V™)co.h-(.mh^)3} . (3.25) 

Nextly we go on to prove some cancellation formulas. Define 

QO 

Gi (TcM + ec, moec, ^c) = (g) V + ^ - "^oe&) 

n=l 

oo oo oo 

® (g) ^qm {TcM + - moC^ - 2ic) ® (g) A^,_ 1 (fc) ® (g) A_^,_ 1 (^c), 
m=l r=l s=l 

oo 

Q2{TcM + ^c, mo^^, Cc) = V (^cM + - mo^^) 

n=l 

oo oo oo 

® (g) 1 (?bM + - moC^ - 2Cc) <8 (g) 1 (^c) ® (g) A,. (Cc), (3.26) 

m=l r=l s=l 

QiiTcM+^C, mo^^, ^c) and 62 (TcM+^c, ^0.^0' fc) admit formal Fourier expansion 
in g2 as 

ei(rcM + fc, mo^S, fc) = KiTcM, mofc, fc) + AiTcM, mofc, Cc)?^ + • • • , 

e2(rcM+Cc,moC&,fc) = B'o{TcM,moec,^c)+B[{TcM,moec,^cW^+- ■ ■ , (3-27) 
Set 



ca,2„+i±i^ 

Q[{t)=L{TM,V 



jnj^^ cosh| (sinh^) 



^i^^i (coshf )2"+^ 
'cli(ei(rcM + Cc, (2n + l±til!)^o , C^)) 

cli(9i(rcM + ^c, (2n + ^±^)egr, fe ) ' 
cosh^l 
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(3.28) 



• (^ch(G2(rcM + fc, (2n + C^)) 

-cosh(|)ch(e2(rcM + Cc, (2n + i±tl^ ^c)) j • (3.29) 
Direct computations show that 



2n+- 



e{u, t) V ^i(0, r) r) ^3(0, r) ^2(0, r) 7 ' 

^' (0, r) / 62 (u, r) 02 (0, r) ^3 (n, r) 0i («, r) ' 



(3.30) 



0(u,t) Ve2(0,r) 02(n,T)03(O,r)0i(O,r);- ^^'^^^ 
Let P{(t) = Q\{t)^'^'^\ P^{t) = Q'2{t)^'^'^\ similarly we have P[{t) is a modular form 
of weight d + 1 - (2n + ) over To (2), while -P2(''") ^ modular form of weight 

over r°(2) . Moreover, the following identity holds, 

P((_i) = 2'^+V'^+^-(2-+^^)p^(r). (3.32) 

Let n is a nonnegative integer and satisfy d—1 — (2n + ) > 0. Using the same 

trick in the proof of Theorem 3.1, we obtain 

Theorem 3.7 The following identity holds, 

- - {2d) 

> = 2l(<^+l) — ^ 2~'>'hr, 



(Coshf )^"H-^ 



r=0 

(3.33) 

where m2 = — n — ^"'"^^^^ and eac/t ^r? < < V^\j ^ canonical integral 
linear combination of 

|i(rM, V^^O^(smh|)^«+^ (ch(B^(rcM, (2n + ^^tlli)!)^o ^ c^)) 
-cosh(-)ch(Sj(TcM, (2n + ^ ^ )ggr,$c)) , < j < r. 
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Putting d = 4k + l and n = in Theorem 3.7, we get the Han-Huang cancellation 
formula (cf. [HH]), 

Corollary 3.8 The following cancellation formula holds 

sinh^ 1 ^ 
L(rM,V™)^^l = 8^,2"^ hr. (3.34) 
[ cosh 2 J 

Putting d = 6 and n = 1, i.e. for 12-dimensional manifold M, we have 
Corollary 3.9 The following cancellation formula holds 

|L(rM,V™)^j^^^V''^ = |i(rM,V™)^(sinh^)3 
\ ^ ' ^coshf (coshf )3 J I ^ ' ^2sinh§^ 2^ 

(224 + 24(e^° + - 2) - 8ch(rcM, V^°^)) (1 - cosh|) 

c 1 1 (12) 

-8(e^ + e-^-2)(l + 2cosh-) \ . (3.35) 

Putting d = 5 and n = 1, i.e. for 10-dimensional manifold M, we have 
Corollary 3.10 The following cancellation formula holds 

(104 + 8(e'^° + e-^° - 2) - 4ch(TcM, V^^^)) (1 - cosh|) 

c 1 1 (1°) 

-(e^ + e-'^-2)(l + 2cosh-) I . (3.36) 



4 Transgressed forms and modularities 

In this section, following [CH], we transgress the modular characteristic forms in 
Section 3 and then get some cancellation formulas. 
Let M be (2d — l)-dimensional manifold. Set 

@,{TcM,mo^^c) = ei{TcM,mo^^c,Cy, e2{TcM,mofc) = e2{TcM,mofc,C^y, 
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BalTcM, moe&) = (g) S^n{TcM - mo^^) (g) A^_i {TcM - mo^^). 

n=l m=l 

Set 

^,{r) = LiTM, V^^) ^'^"^^^'"^77^ ch(ei (TcM, (2n + ^-^^)ec)l (4-1) 

(cOShf )2"+^2^ ^ 

$vy(T) = A{TM, V™)(sinh|)2"+^^ch(e2(rcM, (2n + i^ilil^)^^ )), (4.2) 

= ^(TM, V^^0(smh|)2"+i^ch(e3(TcM, (2n + ^ ~ ^~^^' )^^)). (4.3) 
Direct computations as in Section 3 and applying Chern-weil theory, we have 

$.(V^^^ VS" r)-V2^'-^7^^/^)2"+^det^ /i^^^ g-(0,r) gi(g,r) \ 



$H^(V™,V«",r) = (7r 



$W(V™,V«°,r) = (7r 



where u' = ^^2^^^^ " (^f- ['^D- t^-^l ^^"^ t^l' transgress and 

get the following forms: 

csi.i(vS-",vr»',vs",T) 

CS1.,r(vS-",V™,V«°,r) 



g(n^r) gi(0,r) 
e'(0,T) e^{u',T) 



2n+ 



— o , l-(-l) 1 

.l)2n+^2^det2 



TM /)/ 



(0,r) g2(i;;^,r) 
0{^,r) e,{0,r) 



e{u',T) g2(0,r) 
^'(0,r) 92{u',t) 

, o , l-(-l)'' 1 

/ZY)2n+^2^(iet2 



2n+ 



,1 /i?™ e'(0,r) ^3(C^,r) 



e{^,r) ^3(0, r) 



g(n^r) g3(0,r) 
0'(O,T)03(tx',r) 



2n+ 



(4.4) 



(4.5) 



(4.6) 



A 



1^ 



T>TM 



r) 



r>TM 



+ 



dTM 



di; (4.7) 



4ir2 



ffTM 



+ 



T>TM 



nTM 



dt; (4.8) 
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cs*'„(vJ",vr",v«",T) 



A 



1 ()\^^r) , e',{^,T 



+ 



dt, (4.9) 



which he in n°^'^(M, C)[[g2]] and their top components represent elements in if^"^ ^{M, C)[[g2] 
We have the foUowing results. 

Theorem 4.1 Let M be a 2d — 1 dimensional manifold and Vg"^, Vj^^ be two 
connections on TM and be a two dimensional oriented Euclidean real vector bundle 
with a Euclidean connection , then we have 

1) {C5$L(V^^,Vf^,V^°,r)}(2<^-i) is a modular form of weight d - {2n + ^^^^^) 

over ro(2); 



i-(-i)'' 



) 



2 



{C5$VK(Vj^^, Vf^, V«",t)}(2«'-i) is a modular form of weight d - {2n + 
over r0(2); 

{CS^'y^,{V^^ M\t)}^^'^-^^ is a modular form of weight d - {2n + 
over To{2). 

2) The following equalities hold, 

{C5$L(V^'^,Vr^,V«'\-i)}(2'^-i) =2V-(2-+^^){C'5$w'(V™,V™,V«",r)}(2''-i), 

r 

CS^wi^r, V™, , r + 1) = C5$V(Vr, Vf ^, , r). 
Proof. By (2.12)-(2.17) and (4.7)-(4.9), we have 

{C'S$i(V™,V™,V«^--)}(2<^-l)=2V-(2"+^^){CS$v^^(V™,V™,V«^r)}(2<^-l), 

r 

CS^LiVr, M\r + l) = CS^Liyr. V«° , r), 
r 

C5$H^(V™, VP^ V«", r + 1) = C5^.W(Vr, V™, , r), 
r 



Prom (4.10), we can prove Theorem 4.1. □ 



(4.10) 



Let d = 4 and n = 1, i.e. for 7-dimensional manifold, {C5$l(V;^^, Vf ^, V?°, r)}'^ 
is a modular form of weight 2 over ro(2). Set A = V'l^ — V'q^ . Using similar dis- 
cussions in [CH, p. 15], we get 



C75$^(V™,V™,V^°,r) = -A^tr 



A[Vi'^,V{^] + ^AhAhA 



(4.11) 
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Similarly, we obtain that 



C75$^(V™,V™,V«°,r) = -^cgtr 
C75$V(Vr,V™,V^°,r) = -g|,cgtr 



A[yl^,yl^] + ^A^A^A 



(4.12) 



(4.12) 



Prom Theorem 4.1, we can imply some twisted cancellation formulas for odd 
dimensional manifolds. For example, let d = 6 and n = 1, i.e. M be 11 dimensional. 
We have that {C5^>l(V^*^, V« ,r)}(ii) is a modular form of weight 4 over 

ro(2), {CS^w{yl^ ,^1^ , V«", r)}(ii) is a modular form of weight 4 over r0(2) and 

{C5$l(V™, Vf^, V^°,--)}(ii) = 26r^{CS$vF(V™, V™, V«°,r)}(ii). (4.13) 



By Lemma 2.2, we have 

{CS<^w(yr, V™, r)}(i^) = z,{S5,f + z,e,, 
and by (2.19) and Theorem (4.13), 

{C5$z.(V™, V™, r)}(") = 2%,{^5,f + z^e^\. 
By comparing the -expansion coefficients in (4.14), we get 



(4.14)) 



(4.15) 



A 



2RT^ 



87rtan 



47r , 



(11) 

dt } , (4.16) 



zo=lj^A{TM,Vr'){smh^)hT 



21 = A(TM, Vf ^)(sinh^)2 (-ch(rcM, vf^^) + 2(6^^° + e-^") - 4l) 



xtr 



A 



2R 



t 87rtan- 



47r 



dt + 



/'l(rM,V™)(sinh^)2tr 
Jo 2 



" A Rj^^' 




— sin— ^ — 


27r 47r 





(11) 



(4.17) 



Plugging (4.16) and (4.17) into (4.15) and comparing the constant terms of both 
sides, we obtain that 



TM,V 



cosh^f 



tr 



1 ^ (11) 



A 



or?TM , . rtm 
^^t 47rsinq^ 

Z7r 



= 2^(2''zo + ^i), 
(4.18) 

so we have the following 11-dimensional analogue of the twisted miraculous cancella- 
tion formula. 
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Corollary 3.3 The following equality holds 



V2L(TM, Vj^) 



* ^cosh^f 



tr 



A 



nuTM , . rtm 



27r 



(11) 



4 A{TM, Vf^)(sinh^)2 (^_ck(TcM, V^^^) + 2(e^° + 6"^°) + 23) 



xtr 



1 



1 



2-^™ STTtan 



47r 



dt + 



(11) 



/ i(rM,V™)(sinh^)2tr ^sin^^ }> . (4.19) 
Jo 2 |^27r 47r J J 

let 0? = 5 and n = 0, i.e. M be 9 dimensional. Using similar discussions, we have 
Corollary 3.4 The following equality holds 



A 



1 



47rsin^^^ 



(9) 



2 A{TM, Vf^)(sinli^) (-ch(rcM, vf^^) + (6^=° + e-"^) + 23) 



xtr 



A 



STTtan 



47r 



dt + 



|^'i(TM, V™)(sinh|)tr 



-sin 



27r 47r 



(9) 



dt 



(4.20) 
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